In this paper, a kind of finite-difference lattice Boltzmann method with the second-order accuracy of time and space (T2S2-FDLBM) is proposed. In this method, a new simplified two-stage fourth order time-accurate discretization approach is applied to construct time marching scheme, and the spatial gradient operator is discretized by a mixed difference scheme to maintain a second-order accuracy both in time and space. It is shown that the previous finite-difference lattice Boltzmann method (FDLBM) proposed by Guo [1] is a special case of the T2S2-FDLBM. Through the von Neumann analysis, the stability of the method is analyzed and two specific T2S2-FDLBMs are discussed. The two T2S2-FDLBMs are applied to simulate some incompressible flows with the nonuniform grids. Compared with the previous FDLBM and SLBM, the T2S2-FDLBM is more accurate and more stable. The value of the Courant-FriedrichsLewy condition number in our method can be up to 0.9, which also significantly improves the computational efficiency.
Introduction
In the past 30 years, the lattice Boltzmann method (LBM) has received increasing attention, and also made great progress in the fields of microscale flows [2, 3, 4] , porous media flows [5, 6] , multiphase flows [7, 8, 9, 10, 11, 12] and turbulent flows [13, 14] . With the approach of the interpolation [15, 16] , LBM can be implemented on nonuniform grids. In the LBM, the refinement scheme of non-uniform mesh mainly includes static mesh refinement [17, 18, 19] and dynamic mesh refinement [20, 21, 22, 23, 24] . In addition, there are several methods combined LBM with finite-difference [25, 26, 27, 24, 28] , finite-volume [29, 30] , finite-element approaches [31] and so on. These methods can promote the geometrical flexibility of the LBM. Unlike SLBM, the discrete-velocity in these methods is decoupled with lattice and time steps, and thus, the nonuniform meshes can be used to improve computational efficiency and accuracy of LBM.
In 1995, Reider and Sterling first proposed a finite-difference lattice Boltzmann equation (FDLBE) for the simulation of the incompressible Navier-Stokes equations [32] , then Cao and Chen examined more details of FDLBE [33] . Mei and Shyy developed the FDLBM on curvilinear coordinates [34] . Based on this work, Guo et al. proposed an implicit treatment for collision term of the Bhatnagar-Gross-Krook Boltzmann equation, and presented a mixed difference scheme to discrete the advection term [1] . In addition, Guo et al. developed a new FDLBM for dense binary mixtures, where the second-order Lax Wendroff scheme and first-order Euler's formula are used to discrete space and time derivatives, respectively [35] . Wang et al. proposed a high-order FDLBM to deal with the compressibility and non-linear shock wave effects in the resonator, in which a third-order implicit-explicit Runge-Kutta scheme and a fifth-order weighted essentially non-oscillatory (WENO) scheme are used for time and space discretization [36] . In 2013, Amin and Sun studied the stability condition of the FDLBM [37] . Subsequently, Kim and Yang incorporates the immersed boundary method into the FDLBM [38] . Besides, the multi-speed model was also com-bined with the FDLBM [39] , and the work on FDLBM for three-dimensional incompressible flows [40] was also conducted.
Up to now, most of high-order FDLBMs are implemented by using RungeKutta scheme for time discretization, and fifth-order WENO scheme or fourthorder compact finite-difference scheme for space discretization [36, 41, 42, 43, 40] . The high-order FDLBMs can be used to improve the accuracy and convergent speed, but those methods are at the expense of overcomplicated calculation, which loses the simplicity of SLBM. Moreover, most of the current work on high order FDLBM are implemented on uniform grid which neglects the computational efficiency brought by non-uniform grids. In addition, the simple FDLBM proposed by Guo [1] retains the computational framework of SLBM, but the computational efficiency was not improved greatly. This limitation results from the value of Courant-Friedrichs-Lewy (CFL) condition number. In the implementation of FDLBM, CFL condition number is proportional to the time step.
The theoretical range of CFL condition number is (0, 1), but it is usually around 0.1 in the numerical simulations. In contrast, the value of the CFL condition number is 1 in the SLBM. Compared with SLBM, the application of non-uniform grid in FDLBM may bring higher computational efficiency and accuracy, but the smaller value of CFL condition number will also influence the efficiency.
In order to solve this problem, a new FDLBM with a second-order accuracy both in space and time is proposed. To simplify following discussion, the FDLBM developed by Guo [1] is marked as T1S2-FDLBM, and the present FDLBM is denoted by T2S2-FDLBM. The theoretical analysis and numerical result show that T2S2-FDLBM has a second-order accuracy in space and time, and also, the value of the CFL condition number in T2S2-FDLBM can be increased up to 0.9. At the same time, with the application of non-uniform grid, the T2S2-FDLBM is more efficient and more accurate than SLBM and T1S2-FDLBM.
The rest of the paper is organized as follows. In Sec. 2, the T2S2-FDLBM is constructed from time and spatial discretization. We also analyze the stability of the method by Von Neumann analysis. Then some numerical simulation are conducted in Sec. 3, and finally, some conclusions are given in Sec. 4.
Numerical methods
In this section, the Boltzmann equation will be discreted by some different schemes. Inspired by Wu et al. [44] , we use a new simplified two-stage fourth order time-accurate discretization (TFTD) method to construct the time marching scheme. And similar to the spatial discretization in [1] , the gradient term is discreted by a mixed difference scheme which incorporates the central difference and the second-order upwind-difference schemes. Moreover, the Von Neumann analysis would be applied to evaluate the numerical stability of the T2S2-FDLBM and determine the model parameters.
A. Time discretization
The time-dependent Boltzmann equation with a force term can be written
where f is particle distribution function. The gradient term L andΩ can be expressed as
where ξ represents the particle velocity and theΩ contains the force term F and collision term Ω. Integrating Eq. (1) over the time interval [t n , t n + ∆t] yields
where f n = f (x, ξ, t n ). According to the previous work [45] , the chain rule and Cauchy-Kovalevskaya theorem can be used to deal with time derivative of M (f )
where M f = dM/df . To ensure the second-order accuracy in time, applying
Taylor expansion to M (f ), we have
Consequently, the time integral term in Eq. (4) can be approximated as
Then, to construct a numerical scheme to Eq. (4), we introduce the intermediate 
From Eq. (4), one can also have
where B 0 , B 1 , B 2 and A are adjustable parameters. By expanding the f * and
Through a comparison of Eqs. (7) and (11), the following relations can be derived,
where 0 ≤ B 0 , B 1 , A ≤ 1 and 0 ≤ B 2 ≤ 1/2. Here it should be noted that the number of equations is less than that of parameters, and two of those parameters can be adjusted flexibly. Besides, it is clear that Eq. (9) is a first-order scheme when only Eq. (12a) is satisfied, while it would be a second-order scheme when both Eqs. (12a) and (12b) are satisfied.
To generalize the method, the coefficients in L(f ) andΩ(f ) can be designed as follows,
Equation (10) (8) and (13), we havẽ
where
Remark I. We noted that T1S2-FDLBM is a special case of Eq. (13) . Actually, according to Eq. (14a), the T1S2-FDLBM in Ref [1] can be obtained when the following relations are satisfied,
The evolution equation of T1S2-FDLBM reads
We would like to point out that Eq. (16) can be rewritten in an explicit form,
In order to construct a second-order time marching scheme of FDLBM, there are two sets of parameters need to be considered (we refer the reader to section C for details). The first one is designed as
and the corresponding evolution equation can be rewritten as
In addition, we can also determine the other one as
and the evolution equation can also be obtain,
. (23) Similarly to Eq. (16), Eqs. (21) and (23) can also be written in the explicit forms,f
To make a distinction between two T2S2-FDLBMs, the first one described by Eq. (24) is denoted by T2S2-FDLBM1, while the second one given by Eq. (25) is marked as T2S2-FDLBM2.
B. Space discretization
Here the method of integrating along the characteristic line is used to calculate the distribution function at intermediate moment. The discrete form of Eq. (1) can be expressed asf
, and the gradient terms can be rewritten as
where f i represents the distribution function f
is the key to calculate the gradient term. Considering the following Boltzmann equation,
and integrating Eq. (29) along the characteristic line x + ξ i t over [0, h], we have
where h is the time step, h = ∆t/2 in the T2S2-FDLBM1, and h = ∆t in the T2S2-FDLBM2.
When the trapezoidal formula is applied to approximate the integral of the collision term in Eq. (30), we can obtain
or equivalently,
we can rewrite Eq. (31) as
wheref
To ensure that the Eq. (26) achieves a second-order accuracy, the term L(f * i ) should have a first-order accuracy. With the Taylor expansion, we can express
In order to simplify the calculation, we use the same difference scheme to deal with the gradient terms in Eqs. (26), (27) and (36) . Usually, the gradient term can be approximated by the central difference or upwind-difference schemes.
However, the second-order upwind-difference scheme is more stable and the central-difference scheme has smaller numerical dispersion for high Reynolds number problems. For this reason, a mixed-difference scheme which combines the central-difference and second-order upwind difference schemes is adopted here,
, and the parameter η ∈ [0, 1]. The terms ∂f i ∂χ α u and ∂f i ∂χ α c represent second up-wind difference and central-difference schemes, and they are defined as
C. Analysis of the T2S2-FDLBM
In this part, the von Neumann method is used to analyzed the numerical stability of the T2S2-FDLBM, and the force term is ignored to simplify the analysis. The evolution equation (13) can be rewritten as
According to the fact f (x,
9 where f eq,n i = f eq (x, ξ i , t n ). Then if the Euler formula is used to deal with time derivative, one can obtain
where ω = ∆t/τ . To conduct a linear stability analysis, f i is expanded as
where f eq i (x, t) represents the global equilibrium distribution. It only depends on the mean value of density ρ and velocity u, and does not vary with time and space. f (42) can be written as
With the Fourier transform, one can also get
dx and the wave number k = (k x , k y ). The growth matrix G can be expressed as
where r = ∆t/∆x and S = diag(s 0 , s 1 , ...s q ) depends on L(f ). In the mixed difference scheme,
where l 2 = −1, ϑ jx = κ x ξ jx ∆χ and ϑ jy = κ y ξ jy ∆χ. According to the stability condition, the spectral radius of the growth matrix G is required to be less than 1. From Eq. (46), it is clear that the spectral radius of the matrix G depends on the parameter of collision term (B 2 ), the parameter of spatial gradient term (B 2 ), the weight coefficient of mixed scheme (η), and other four parameters k, ω, r and u. To perform an analysis of the numerical stability, the parametersB 2 ,B 2 and η are specified and u = (0.2, 0.2), 0 ≤ κ α ∆χ ≤ π (α = x, y). As shown in Fig. 1 , the stability region is related to r and ω, and it is obvious that the present method can obtain a largest stability region whenB 2 = 0.5,B 2 = 0.5 and η = 0.1. Moreover, taking account of computational efficiency, the method withB 2 = 0.5,B 2 = 0 and η = 0.1 is also worthing conducting a further study. Step (1) . Estimate L(f * i ) fromf n i through the method of integrating along the characteristic line,
D. Computational sequence of two T2S2-FDLBMs
Step (2). Calculatef
−→f + (x, ξ i , t n ).
Step
−→f (x, ξ i , t n+1 ). Similarly, we also presented computational process of T2S2-FDLBM2 in Fig. 3 , where the details are displayed as follows. Step
Step (2) .
−→f
).
Step (3). Calculatef
−→f (x, ξ i , t n+1 ).
In the implementation,f i =f i andf 
Numerical simulation
In this section, the Taylor vortex flow, the Poiseuille flow and the lid-driven flow will be used to test the two T2S2-FDLBMs.
Unless otherwise stated, in our simulations the equilibrium distribution function is adopted to initialize the distribution function, and the time step △t is given by the CF L condition number,
where △x is the minimum grid scale, and ξ = max |ξ i |. CF L condition number is an important parameter to evaluate the stability and convergence of method.
The collision term Ω can be approximated by the simple single-relaxation-time Bhatnagar-Gross-Krook model,
where the equilibrium distribution function f eq i in SLBM is defined as
and f eq i in He-Luo model [47] can be also combined with this two T2S2-FDLBMs. The discrete particle velocities and corresponding weights are dependent on the lattice structure. For example, D1Q3: 
The macroscopic density ρ and velocity u can be obtained from the distribution function,
whereF represents the external force. According to the previous work [48] , the force term in T2S2-FDLBM can be expressed as
A. The Taylor vortex flow
The two-dimensional Taylor vortex flow is a periodic problem, and it is widely used to test the accuracy of the model. The analytical solution of the Taylor vortex flow is given by
where u and v are horizontal and vertical velocities of the fluid, p is the pressure.
The computational domain of the problem is set as −π ≤ x, y ≤ π, the mesh size is chosen to be N x × N y = 32 × 128, k 1 = 1.0, k 2 = 4.0, u 0 is set to be 0.01.
The time step is chosen to be π/640, and the shear viscosity ν is set as 0.001.
The density can be initialized by ρ = ρ 0 + δp/c and δp = p − p 0 . For this time-dependence problem, the initial distribution function is given by [1] ,
where ρ 0 and u are determined by analytical solution. Table 1 shows that difference schemes play an important role in the T2S2-FDLBM1. The up-wind difference scheme has a serious error, and the error of mix difference scheme is smaller than that of central difference scheme. This phenomenon is consistent with that of T1S2-FDLBM. and the global relative error (GRE) of velocity at t = t c are considered,
where u ij and u ′ ij are numerical and analytical solutions. As seen from Table 2 To analyze the stability of the model, we also performed some simulations with different values of CF L condition number. Table 4 . It is found that the CPU time of SLBM, T1S2-FDLBM and T2S2-FDLBM2 are 64 times, 4.6 times and 10 times as long as T2S2-FDLBM1 under the similar error. In this example, one can find that T2S2-FDLBM1 has good stability and high computational efficiency. 
B. The two-dimensional Poiseuille flow
Considering the Poiseuille flow driven by a constant external force in a twodimensional channel, the analytical solution of velocity can be express as
where u 0 =F H 2 /(8ρ 0 ν) is the maximum velocity, H is the channel height andF is the driving force. The Reynolds number Re = Hu 0 /ν is related to maximum velocity and pipe height.
In our simulations, L = H = 1.0 and Re = 10.0. The periodic boundary condition is used at the inlet and outlet of the channel, and the nonequilibrium extrapolation scheme is applied to treat the nonslip boundary condition at both top and bottom walls, which can be given bỹ
Initially, the density ρ = 1.0, u = v = 0.0, the distribution function is initialized by Eq. (52) . For this problem, the non-uniform gird is applied to improve the computational efficiency, which is given by the following transformation,
where c is used to adjust the distribution of the grid and a = tanh(c).
is the point of grid specified by ζ i = i/N x and µ j = (2j − N y )/N y , where i = 0, 1, ..., N x and j = 0, 1, ..., N y . In our simulations, we set N x × N y = 10 × 20 and c = 1.5. Fig. 6 shows the distribution of non-uniform grids. The driving forceF is chosen to be 0.01 to keep the maximum velocity u 0 small, the time step can be set as ∆t = 0.1 × y 1 , where y 1 represents the height from the bottom to the first layer of the grid. 2.538 × 10 −6 Table 6 : GREs and temporal accuracy orders of FDLBM with non-uniform grid.
T1S2-E(u) observed that there are some numerical oscillations in the central difference scheme, and the phenomenon of numerical dissipation appears in the secondorder upwind difference scheme. In general, the result of mixed scheme is the most accurate, which is similar to that of the T1S2-FDLBM [1] . However, it should be noted that the numerical oscillation of the central difference scheme in T2S2-FDLBM1 is much smaller than T1S2-FDLBM [1] . This also indicates that T2S2-FDLBM1 is more stable. In addition, as seen from Fig. 6(b) , the results of T2S2-FDLBM1 and T2S2-FDLBM2 with mixed difference scheme agree well with the analytical solution when CF L = 0.1. The error of velocity at the centerline is given in Table 5 . From this table, one can find that the T2S2-FDLBM1 is more accurate than T1S2-FDLBM. To test the convergence order of two T2S2-FDLBMs in time, the GREs at different time steps are calculated in Table 6 . It can be seen that the T1S2-FDLBM is only first-order accurate in time, while the T2S2-FDLBM1 and T2S2-FDLBM2 have a second-order convergence rate, which is also consistent with the theoretical analysis. In addition, we also tested the effect of CF L condition number, and presented the results in Table 7 . From this table, it can be found that the maximum values of CF L condition number in T2S2-FDLBM1 and T2S2-FDLBM2 can reach to 0.9, while it is only about 0.5 in T1S2-FDLBM.
The GREs of T2S2-FDLBM2 are larger than T2S2-FDLBM1 as CF L condition number increases. In Table 8 
C. The lid-driven cavity flow
As a classic problem, the lid-driven cavity flow is also used to test T2S2-FDLBM1. The lid-driven cavity flow is driven by a constant velocity of the top wall, and the other three solid walls remain stationary. To obtain accurate results, it is necessary to refine the grid at the four corners, this is because the flow phenomenon at the four corners are very complex [49] .
T2S2-FDLBM1 is applied to simulate the lid-driven flow in a square cavity.
The height of the square cavity is set to be 1.0. The top wall moves horizontally from left to right with a constant velocity u 0 = 0.1. The initial density and velocity are chosen to be ρ = 1.0 and u = 0. The boundary conditions are treated by the non-equilibrium extrapolation scheme. The non-uniform is also applied for this problem, and 5000, the time step is set to be ∆t = 0.1 × y 1 . In order to eliminate the numerical dissipation, the parameter η is set to be 0.1 for Re = 400 and 1000, and 0.05 forRe = 3200 and 5000. The GRE of lid-driven cavity flow can be defined as T2S2-FDLBM1 can capture more flow details even for N x × N y = 64 × 64. In Table 10 , the locations of the vortices are also consistent with the available results [50, 51] . From Tab. 9, it is observed that the range of the CF L condition number in T2S2-FDLBM1 is larger than that in SLBM. Besides, the stability of SLBM, T1S2-FDLBM and T2S2-FDLBM1 are also tested with this example.
Under a small grid size (64 × 64), the SLBM will be divergent when Re > 8600, but T1S2-FDLBM and T2S2-FDLBM1 can work well even for Re ≥ 20000. 
Conclusions
In this work, a class of T2S2-FDLBM with a second-order accuracy in time and space is proposed based on T1S2-FDLBM presented by Guo et al. [1] . In this method, a simplified TFTD method is applied for time discretization, and a mixed difference scheme is used for space discretization. It is also shown that the T1S2-FDLBM is just a special case of the T2S2-FDLBM. Through the stability analysis, two specific T2S2-FDLBMs are determined. We also performed some simulation to test two T2S2-FDLBMs, and the results are in good agreement with analytical solutions or some previous work. In addition, it is shown that the T2S2-FDLBM1 has a second-order accuracy both in time and space, and the non-uniform grid is also applied to improve computational efficiency. Compared with the SLBM, T1S2-FDLBM and T2S2-FDLBM2, T2S2-FDLBM1 can give more accurate results, and is also more efficient. On the other hand, the CFL condition number in two T2S2-FDLBMs can be changed in a larger range, this feature can be also used to remove the limitation of time step in T1S2-FDLBM.
Finally, T2S2-FDLBM1 is more stable, and the numerical oscillations can be reduced effectively. Moreover, T2S2-FDLBM can be also extended to nonlinear convection-diffusion equation, which would be discussed in a future work.
